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Short description of results

We present here three results concerning the block number
statistic on 321-avoiding permutations:

@ Equi-distribution of block number and the complement of last
descent over certain sets of 321-avoiding permutations.

@ The set of 321-avoiding permutations with a given block
number is symmetric and Schur-positive.

@ An explicit formula for the corresponding character.
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Introduction

Describing pattern-avoiding classes

Let Sp(I) be the set of permutations in S, avoiding a given set of
patterns 1. There are several ways to provide information about
this set.

© Compute the cardinality |S,()] (Simion, Wilf, ...).
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Introduction

Describing pattern-avoiding classes

Let Sp(I) be the set of permutations in S, avoiding a given set of
patterns 1. There are several ways to provide information about
this set.

© Compute the cardinality |S,()] (Simion, Wilf, ...).
@ Compute the generating function for a statistic stat:

Z qstat(7r)
TI'GSn(n)
(Sagan, Pak, Elizalde,...).
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Introduction

Describing pattern-avoiding classes

Let Sp(I) be the set of permutations in S, avoiding a given set of
patterns 1. There are several ways to provide information about
this set.

© Compute the cardinality |S,()] (Simion, Wilf, ...).
@ Compute the generating function for a statistic stat:

Z qstat(7r)
TI'GSn(n)

(Sagan, Pak, Elizalde,...).
© Compute the quasi-symmetric function

Z Fr(x1,x2,...)

TESA(M)

(Sagan, Woo, ...).
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Introduction

Quasi-symmetric functions

Quasi-symmetric functions were defined by Gessel ('84).

Every subset J C [n — 1] has an associated fundamental
quasi-symmetric function F,(x) (to be defined later).

For a set of permutations A C S, define

Q(A) = Z FDes(Tr)'

TEA
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Introduction

Symmetry and Schur-positivity

Question (Gessel and Reutenauer, '93)

For which A C S, is Q(A) a symmetric function?
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Introduction

Symmetry and Schur-positivity

Question (Gessel and Reutenauer, '93)

For which A C S, is Q(A) a symmetric function?

A symmetric function is Schur-positive if all the coefficients in its
expression as a linear combination of Schur functions are
non-negative.

Call AC S, Schur-positive if Q(A) is.
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Introduction

Symmetry and Schur-positivity

Question (Gessel and Reutenauer, '93)

For which A C S, is Q(A) a symmetric function?

A symmetric function is Schur-positive if all the coefficients in its
expression as a linear combination of Schur functions are
non-negative.

Call AC S, Schur-positive if Q(A) is.

For example,

Theorem (Gessel and Reutenauer, '93)

Conjugacy classes are symmetric and Schur-positive.
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Introduction

Symmetry and Schur-positivity

Classical examples of (symmetric and) Schur-positive sets of
permutations include:

Conjugacy classes

Inverse descent classes

Knuth classes

Permutations with a fixed inversion number

Arc permutations
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Introduction

Symmetry and Schur-positivity

Classical examples of (symmetric and) Schur-positive sets of
permutations include:

Conjugacy classes

Inverse descent classes

Knuth classes

Permutations with a fixed inversion number

Arc permutations

Problem (Sagan and Woo, '14)

Find sets of patterns Il and parameters stat such that
Q({o € Sy(N) | stat(c) = k}) is symmetric and Schur-positive.
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Equi-distribution
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Equi-distribution

Direct sum of permutations

Letm € S, and o € S,. The direct sum of m and o is the
permutation m @ o € Smyp defined by

o(i —n)+ n, otherwise.

(r 0}y = {ﬁ(i), ifi < n;

4

If # =132 and 0 = 4231 then ™ ® o = 1327564. \

The direct sum is clearly associative.
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Equi-distribution

Block number

Definition

A nonempty permutation which is not a direct sum of two
nonempty permutations is called ®-irreducible.

Each permutation w can be written uniquely as a direct sum of
@-irreducible ones, called the blocks of . Their number bl() is
the block number of .

bl(45321) = 1,

bl(312 | 54) = 2,
bl(1]23]4) =4
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Equi-distribution

Remarks

@ Direct sums and block decomposition of permutations appear
naturally in the study of pattern-avoiding classes (Albert,
Atkinson, Vatter).

@ The block number of an arbitrary permutation was previously
studied by Richard Stanley (2005), as the cardinality of the
connectivity set (defined by Comtet).
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Equi-distribution

Last descent

Definition

For a permutation w € S,, let

Ides(7) := max{i : i € Des()},

with ldes(w) := 0 if Des(w) = 0 (i.e., if w is the identity
permutation).

ldes(3176245) = 4
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Equi-distribution

The sets Bl, ,x and L,

Definition
Let

Bloy = {m € Sp(321) : bl(r) = k}.

Note that bl(7) = bl(7~1).

Definition
Let

Lok = {m € Sy(321) : Ides(n 1) = k}.
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Equi-distribution

Cardinality

Recall: The n-th Catalan number is

C, — 1 <2n>‘
n+1\ n

The corresponding generating function is

2x

> 1—+/1—4
c(x) = 2 Cox"=-—— V- X
n=0
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Equi-distribution

Cardinality

For each k > 0, the n-th k-fold Catalan number is the coefficient
of x" in (xc(x)). Explicitly:

k 2n — k
Crp = .
ik 2nk< n )

For positive integers n > k > 1:

Cok = |SYT(n—1,n— K)| = |Lnnk| = |Brsl

This result will be refined in the sequel.
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Equi-distribution

Left-to-right maxima

The set of left-to-right maxima of w € S, is

ltrMax(7) = {i | w(i) > w(j) for all i < j}

v

7 = 312546.

Eli Bagno (Jerusalem College of Technology) joint work with Ron M. Adin and Yuval Roichman

Block numbers, 321-avoidance and Schur-p:



Equi-distribution

Left-to-right maxima

Definition

The set of left-to-right maxima of w € S, is
ltrMax(7) = {i | w(i) > w(j) for all i < j}

7 = 312546.

| \

Observation

For 321-avoiding permutations, the set of left-to-right maxima
determines the descent set. Explicitly, forany 1 < i <n—1,

i € Des(m) <= i€ ltrMax(n) and i + 1 ¢ ltrMax(7).

A\
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Equi-distribution

Main result 1: Equi-distribution

Theorem (Adin-B.-Roichman '16)

For every positive integer n,

Z XItrMax(7r‘1)qu(ﬂ') _ Z xltrMax(ﬂ"l)qn—Ides(w)'
mESH(321) mESK(321)
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Equi-distribution

Main result 1: Equi-distribution

Theorem (Adin-B.-Roichman '16)

For every positive integer n,

Z XItrMax(w*I)qbl(ﬂ'): Z XItrMax(ﬂ"l)qn—Ides(w).
mESH(321) mESK(321)

Note the analogy with the classical

Theorem (Foata-Schiitzenberger '70)

For every positive integer n,

Z XDes(ﬂfl)qinv(ﬂ) _ Z xDes('/r*l)qmaj('/r).

TESH TES

Eli Bagno (Jerusalem College of Technology) joint work with Ron M. Adin and Yuval Roichman

Block numbers, 321-avoidance and Schur-po:



Symmetry and Schur-positivity

Symmetry and Schur-positivity
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Symmetry and Schur-positivity

Symmetric functions

Definition

A symmetric function is a formal power series f € C[[x1,x2, - -]]
which is invariant under any permutation of the variables.

@ We sometimes restrict to a finite number of variables by
setting almost all of them to zero.

f = x1 + x2 + x3 is symmetric and homogeneous of degree 1. (with
X4:X5:...:0).
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Symmetry and Schur-positivity

Semistandard tableaux

Let A be a partition. A semistandard Young tableau of shape A is a
filling of the cells of A by positive integers such that

@ The entries in each row are weakly increasing.

@ The entries in each column are strictly increasing.

<

1

2

2

3]

A= (4,3,2) T=/3

3

4

5

6
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Symmetry and Schur-positivity

Schur functions

With each semistandard Young tableau T we associate a monomial

XT — Hxinumber of i's |nT'

T=\33|4 XT :X1X22X3::’X4X5X6.

The Schur function sy associated with a partition A is defined by

S\ = E XT.

TESSYT())
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Symmetry and Schur-positivity

Schur functions

For A = (2,1), the semistandard tableaux of shape A filled with
numbers out of {1,2,3} are

L[ [a]a][a]2][1]2][1]3][1]3][2]2][2]3]
2] ’13] 2] ’[3] 2] 3] ’[3] ’[3]

The corresponding Schur polynomial is

S2,1)(x1, x2,x3) = X2x0 4+ X2 X3+ X1X3 + 2X1X0X3 + X1 X5 + X3 X3+ X0 X2

<
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Symmetry and Schur-positivity

Schur functions

Example

For A = (2,1), the semistandard tableaux of shape A filled with
numbers out of {1,2,3} are

L[ [a]a][a]2][1]2][1]3][1]3][2]2][2]3]
2] ’13] 2] ’[3] 2] 3] ’[3] ’[3]

The corresponding Schur polynomial is

S2,1)(x1, x2,x3) = X2x0 4+ X2 X3+ X1X3 + 2X1X0X3 + X1 X5 + X3 X3+ X0 X2

{sx | A n} is a basis for the vector space of symmetric functions
which are homogeneous of degree n.

\
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Symmetry and Schur-positivity

Schur-positivity

A symmetric function is called Schur-positive if all the coefficients
in its expansion in the basis of Schur functions are non-negative.

| \

Example
For A=k and p ¢, consider the product

4
SASy = E CX uSv-
14

The Littlewood-Richardson rule provides a combinatorial
interpretation of the coefficients cﬁ\”#, proving that s)s, is
Schur-positive.

A
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Symmetry and Schur-positivity

An equivalent definition of symmetric functions

A formal power series f(xi,x2,...) is symmetric if for every
composition a = (az, ..., a,), all monomials x; - - x;** in f with
distinct indices have the same coefficient.

f= Zx?xj = x13xz -+ x1x§ + Xf’X3 + x1x33 + x23X3 =+ x2x33 + ...
i#£j
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Symmetry and Schur-positivity

Quasi-symmetric functions

A formal power series f(xi, x2,...) is quasi-symmetric if for every
composition (aq, -, ay), all monomials xg‘l---x,fzk in f with
indices i1 < ip < --- < ig have the same coefficients.
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Symmetry and Schur-positivity

Quasi-symmetric functions

A formal power series f(xi, x2,...) is quasi-symmetric if for every
composition (aq, -, ay), all monomials xg‘l---x,fzk in f with
indices i1 < ip < --- < ig have the same coefficients.

= g XPx; = XZxo + XEx3 + xExz + . ..
i<j

is quasi-symmetric but not symmetric.

Denote by QSym the vector space of quasi-symmetric functions
which are homogeneous of degree n.
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Symmetry and Schur-positivity

The fundamental basis

For each subset J C [n — 1] define the corresponding fundamental
quasi-symmetric function

Fy(x) := Z Xiy Xy * * X, -

1<ip<...<in
ij<ijpp ifjed

In particular, J can be the descent set of a permutation.

m = 132, Des(m) = {2}.

FDes(132) = F{2} = x1x1x2 + x1x1X3 + x1X2X3 + XoXoX3 + ... .

Proposition (Gessel)
{F; | J < [n—1]} is a basis for QSym,.
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Symmetry and Schur-positivity

Schur-positivity

For AC S,, let
Q(A) - Z ]:Des(ﬂ)'
TEA
Q(A) is called Schur-positive if it is symmetric and can be written
as a linear combination of Schur functions with non-negative
coefficients.
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Symmetry and Schur-positivity

Schur-positivity

For AC S,, let
Q(A) - Z ]:Des(ﬂ)'
TEA
Q(A) is called Schur-positive if it is symmetric and can be written
as a linear combination of Schur functions with non-negative
coefficients.

Question (Adin-Roichman, '13)

For which A C S, is Q(A) (symmetric and) Schur-positive?
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Symmetry and Schur-positivity

Main result 2: Schur-positivity of Bl «

Recall

Definition

Blp k== {m € Sp(321) : bl(7w) = k}.
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Symmetry and Schur-positivity

Main result 2: Schur-positivity of Bl «

Recall

Definition

Blp k== {m € Sp(321) : bl(7w) = k}.

Theorem (Adin-B.-Roichman '16)

Q(Bly k) is (symmetric and) Schur positive.
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Symmetry and Schur-positivity

Main result 3: The character

the symmetric function f = ) cysy, denoted by ch(x).
A=n

Theorem (Adin-B.-Roichman '16)
For every positive integer 1 < k < n—1

Q(Blpk) = Ch(X(”_lv”—k) iﬁi“‘“)

and, for k = n,

Q(Blnx) = ch(x\™) = S(n)-
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Proof idea
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Proof idea

Proof idea: bijection

The proofs use an explicit left-to-right-maxima preserving bijection
from Bl to Ly p—k.
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Proof idea

Proof idea: bijection

The proofs use an explicit left-to-right-maxima preserving bijection
from Bl to Ly p—k.

Definition

Define a map f, : Sp(321) — S,(321), recursively on n, as follows.
Each permutation w € S, belongs to exactly one of the following 3
classes, distinguished according to the location of the letter n and

the relative order of n — 1 and n.

@ L : nis the last letter.
@ D: nis not the last letter, and n — 1 precedes n.
@ R: n—1is to the right of n.
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Proof idea

Proof idea: bijection

Case L: nis the last letter.

e Omit n

o Apply fp_1;

e Insert n at the last position.
Case D: n— 1 is left of n, but n is not the last letter.
Omit n.
Apply fp_1.
Multiply from left by the transposition (n — k — 1, n — k).
Insert n at the same position as in .
Case R: n— 1is right of n.

In this case n — 1 must be the last letter.

e Exchange n—1 and n in m, then omit n.

o Apply fr_1

o Multiply (from the left) the resulting permutation by the cycle

(n—k,n—k+1,..,n—1n).
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Proof idea

Example

Let 75 = 7 = 31254786.
mg =312 |54 786 —— 77 = 3125476 —— g = 312 |54 | 6
(45) (4567)
L ms=312]54 L5 =312]4
(345)

L om=312-Fn, =21
(23)
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Proof idea

Example (cont.)

In the other direction:

(23)

flm) =21 2L f(ms) =312 = f(ns) = 3124
BB), ) = 41253 P2 £(mg) = 412536
D, f(my) = 5126374 P £(rg) = 41263785
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Open problems

Open problems
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Open problems

Open problems

@ Find a non-recursive definition for the bijection.
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Open problems

Open problems

@ Find a non-recursive definition for the bijection.

@ A pattern-statistic pair (I, stat) consists of a subset [1 C S,
and a permutation statistic stat : S, — N. It is Schur-positive
if

Q({m € Sp(N) | stat(m) = k})

is Schur-positive for all positive integers n and k.
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Open problems

Open problems

@ Find a non-recursive definition for the bijection.

@ A pattern-statistic pair (I, stat) consists of a subset [1 C S,
and a permutation statistic stat : S, — N. It is Schur-positive
if

Q({m € Sp(N) | stat(m) = k})

is Schur-positive for all positive integers n and k.
Find Schur-positive pattern-statistic pairs.
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Open problems

Thank you
for your attention!
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