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The k-Profile
Example T = 452136
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Sample ™ at random
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What is the distribution of the
random k-profile P,,?
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Theorem
In probability,
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» What is the magnitude of (Pj,—Uy) ?
 What's its direction ?
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Central Limit Theorem

Theorem [Janson, Nakamura, Zeilberger '15]

The random vector

\/H (Pkn_Uk)

weakly converges to
a multivariate normal distribution, supported
on a (k-1)?-dimensional subspace.
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Components of the Profile

* Projection along U,
—constant

* (k-1)?>-dim subspace
—Order 1//n
—Asymptotically normal

* Orthogonal complement
— Smaller order
—Which directions, limits
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Decomposition TBD

Pairwise orthogonal

RK = VO N, v1 D ... D vk-l

Orthogonal projection

T, : R —> V_

*wrt o<u,v> = X u, v,
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* Foreveryr <s < k
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Group Representations

» d-dimensional representation of 6

R:6 — GL(RY)

 Rand R’ are similar if for some T,

R(g)=1"0R(g)oT

» R is simple if for no proper V c R4

R(g) V=V
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Simple Representations of S,

up to similarity, correspond to partitions 1 + k

Al +).2++/1£=k
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The Matrix Elements

of R* are the kl-dim vectors

R} = (R}(0)) 1<ij<d,

OES|

Let

Ak
V. = span Rﬁ- M=k—1
1<ij=<d
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123 [1] o) [1]
132 [1] P, [-1]
213 [1] ) [-1]
231 [1] A [1]
312 [1] - sz [1]
321 [1] [O o [-1]




Theorem for k<6 [E]

There're unitary representations of S, having

E[(UPe) (UgP)T] —— =

is diagonal with positive entries, where

k=d1
URv= (n 2 <Rijlv>)/1|—k,1$i,j$d;t

( 9 :) A1






Applications (1)

Kendall's T / inversion number

T(m) = (Ri1", P2(m)) = Pyp(m) - Pyy(m)
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Applications (1)

Kendall's T / inversion number

(M) = (RHl»Pz(ﬂ» = Py(m) - Pyy(m)

/©\

* Order 1//n
« Asymptotically normal




Applications (2)
Spearman’s p

P = Pyaz+Py3p+Pyyi3-Pazg - P3gp - Pagy
2+1 1 pl+1+1
o« (R{7" — R, P3)
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Applications (2)
Spearman’s p
P = Pya3+Py3p+ Pz - Po3y - P3gp - Papy

241 1 pl+1+1
X <R11 — Ry177, P3>

OO ©
» Order 1//n © ©
« Asymptotically normal ©
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Applications (3)
Fisher-Lee / Gepner Statistics
A = Pyp3+Pa3q + P31z - P3ag - Payz - Py

= (Ri1"1, P3)

e Circular rank correlation

©
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Applications (3)
Fisher-Lee / Gepner Statistics
A = Pyp3+Pa3q + P31z - P3ag - Payz - Py

_ 1+1+1
= (R17'"1, P3)
e Circular rank correlation

e Order 1/n ©
©

* Not normal: 2" order U-statistic o
* x (T-p)



Applications (4)
Two-Sample Independence Tests

P1234 + P1243 * P2134 *+ P2143

+ P3412 + P3g21 + Pa312 + Pasay
« Order 1/n

e 2 order U-statistic



Bergsma-Dassios (2010)



Applications (4)
Two-Sample Independence Tests

P1234 + P1243 * P2134 *+ P2143

+ P3412 + P3az1 + Pazi2 + Py3ay

« Order 1/n
e 2nd _ g OO
2hd order U-statistic o0 .
— Bergsma-Dassios (R3T%,P,) ®
— Hoeffding +.. (R1T%*1, Pg) Q 000
— Blum-Kiefer-Rosenblatt +.. (R3721 pg) ©O©

_ Krdl' Pikhurko ©






