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The k-profile of π 
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Pk(π) ∙ 1 = ∑σ Pσ(π) = 1 



Randomness 

Sample π at random 
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What is the distribution of the 
random k-profile Pkn ? 
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• What is the magnitude of (𝑷𝑘𝑛−𝑼𝑘) ? 

• What’s its direction ?  
 

 



Central Limit Theorem 

Theorem [Janson, Nakamura, Zeilberger ‘15]  
 

The random vector 

 

  𝑛 (𝑷𝑘𝑛−𝑼𝑘)  
 

weakly converges to  



Central Limit Theorem 

Theorem [Janson, Nakamura, Zeilberger ‘15]  
 

The random vector 

 

  𝑛 (𝑷𝑘𝑛−𝑼𝑘)  
 

weakly converges to  

  a multivariate normal distribution, supported 

  on a (k-1)2-dimensional subspace. 
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Components of the Profile 

• Projection along 𝑼𝒌  

–constant 

• (k-1)2-dim subspace 

–Order 1/√n 

–Asymptotically normal  

• Orthogonal complement  

–Smaller order 

–Which directions, limits 

 

                              ? 

ℝ𝒌! 
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Orthogonal projection 

Пr : ℝ
k!  —>  Vr 

 

* w.r.t. <u,v> = ∑σ uσ vσ 



Theorem [E] 

• For every r < k 

nr/2 E[||  ПrPkn||   ]  
   𝑛 → ∞    
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• For every r < s < k 

E[(nr/2ПrPkn) (ns/2ПsPkn)T]  
   𝑛 → ∞    

 0 
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Group Representations 

• d-dimensional representation of G 

 R : G  —>  GL(ℝ𝒅)   group hom 

• R and R’ are similar if for some τ, 

 R’(g) = τ-ι o R(g) o τ   v gєG 

• R is simple if for no proper V ⊂ ℝ𝒅 

 R(g) V = V      v gєG 



Simple Representations of Sk 

R𝜆 : Sk  —>  ℝ𝑑𝜆×𝑑𝜆  
  



Simple Representations of Sk 

R𝜆 : Sk  —>  ℝ𝑑𝜆×𝑑𝜆  
  

up to similarity, correspond to partitions 𝜆 ⊢ 𝑘  
 

𝜆1 + 𝜆2 + ⋯+ 𝜆ℓ = 𝑘 
𝜆1 ≥ 𝜆2 ≥ ⋯ ≥ 𝜆ℓ 

 
 

   ☺☺☺☺    ☺☺☺   ☺☺  ☺☺  ☺  

     ☺    ☺☺  ☺  ☺ 

       ☺  ☺ 

        ☺ 
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𝜆 = 𝑅𝑖𝑗

𝜆 𝜎  

𝜎∈𝑆𝑘

         1 ≤ 𝑖, 𝑗 ≤ 𝑑𝜆  

Let 

Vr  =  span  𝑹𝑖𝑗
𝜆       

𝜆 ⊢ 𝑘
𝜆1 = 𝑘 − 𝑟

1 ≤ 𝑖, 𝑗 ≤ 𝑑𝜆

 



    ☺☺☺   ☺☺   ☺ 
     ☺    ☺ 
        ☺ 
 

123  [1]   
   1 0   
   0 1   

   [1] 

132  [1]   − 𝟏 𝟐 
𝟑

𝟐 

 𝟑
𝟐    𝟏 𝟐    

  [-1] 

213  [1]  − 𝟏 𝟐 − 𝟑
𝟐 

− 𝟑
𝟐 

𝟏
𝟐 

   [-1] 

231  [1]    − 𝟏
𝟐 − 𝟑

𝟐 

 𝟑
𝟐 − 𝟏

𝟐 
    [1] 

312  [1]  − 𝟏 𝟐 
𝟑

𝟐 

− 𝟑
𝟐 − 𝟏

𝟐   
    [1] 

321  [1]   
  1  0  
  0 −1 

  [-1] 



Theorem for k≤6 [E] 

There’re unitary representations of Sk having  

E[(URPkn) (URPkn)
T]     𝑛 → ∞    

 ∑ 

is diagonal with positive entries, where 

UR v = (n 
𝒌− 𝝀1

𝟐
 <𝑹 𝑖𝑗

𝜆 ,v>) 𝜆⊢𝑘, 1≤𝑖,𝑗≤𝑑𝜆 





Applications (1) 
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Applications (3) 

Fisher-Lee / Gepner Statistics 

Δ  =  P123 + P231 + P312 - P321 - P213 - P132 

= 𝑹𝟏𝟏
𝟏+𝟏+𝟏, 𝑷𝟑   

• Circular rank correlation 
☺ 

☺ 

☺ 
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= 𝑹𝟏𝟏
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• Circular rank correlation 

• Order 1/n 
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• ∝  (τ – ρ) 
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Applications (4) 

Two-Sample Independence Tests 

P1234 + P1243 + P2134 + P2143  

+ P3412 + P3421 + P4312 + P4321    

• Order 1/n 

• 2nd order U-statistic    
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Applications (4) 

Two-Sample Independence Tests 

P1234 + P1243 + P2134 + P2143  

+ P3412 + P3421 + P4312 + P4321    

• Order 1/n 

• 2nd order U-statistic    

– Bergsma-Dassios   𝑹𝟏𝟏
𝟐+𝟐, 𝑷𝟒     

– Hoeffding     +… 𝑹𝟏𝟏
𝟐+𝟐+𝟏, 𝑷𝟓  

– Blum-Kiefer-Rosenblatt         +… 𝑹𝟏𝟏
𝟑+𝟐+𝟏, 𝑷𝟔  

– Král’ Pikhurko 
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