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Outline Indecomposable permutations in an increasing

Burstein, Jelinek, Jelinkova and Steingrimsson [1] found two recurrences for the Mobius osclllation
function for decomposable PermUtatIonNS.

Building on the general results, we can show that every indecomposable permutation
contained in an increasing oscillation can be written as

21, 1o 2D)fecl, o 102l

We use this to find an O(n?*) method for determining the Mdbius function for increasing For each shape of indecomposable permutation, and each shape ot ncreasing oscillation,
oscillations where the lower bound is sum indecomposable. we can find an inequality that relates the size of the indecomposable permutation, the

number of copies of the indecomposable permutation and the size of the increasing os-
cillation. Here are some examples minimizing the unused elements at the start of an

We build on their work to find a recurrence where the upper and lower permutations

are iIndecomposable.
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. (21)? lo(21) o1 16 (21) lelo(2l) ol
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The direct interleave of two permutations o and 8 is formed by . o . N N
taking the direct sum a @ B, and then exchanging the value of the * ° . ° . ° . ° .
largest point from « with the value of the smallest point from 5. We 4321 © 4321 o 0 . 0
can also view this as increasing the largest point from o by 1, and
simultaneously decreasing the smallest point from S by 1. We write o . This leads to the following inequalities; which relate o or m, the shape of «, the size of
an interleave as a © B. N v as given by k, and the value of r. In these tables o indicates that k& > 2.
o
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If v is a permutation, and r a positive integer, then r. ais a®. .. Da, % i Shapeof @ Inequality 7 Shape of a thequality
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All other cases k>n

Burstein, Jelinek, Jelinkova and Steingrimsson [1| found two recurrences for the Mobius

function for decomposable permutations. A simple consequence of their work is that if o /L[O’, Wn] and /L[O-a Mn] , O indecomp osable
is indecomposable, then for any 7, the non-zero contributors to the Mobius function are

either 1, or 12, or have one of the forms

r.Q, 17 a, ra®l o 1Or.adl Theorem
If 0 is a sum indecomposable permutation, and 7 is an increasing oscillation with

length at least 4, then

where « 1s indecomposable.

We can also show that for any « there ARG MaxK(a,7)
are at most two values of r where the 1@(”1)&/ \(m).a@l plo, | = Z Z plo, )W (o, ay, )
contribution can be non-zero. 16ras a€6 v=MinK(c,a)
(r+1).a where the first sum is over the possible shapes of a sum indecomposable permutation
This gives us a {0, £1} weighting fune- pawd o e contained in an increasing oscillation, so & = {(21), 21", 1 o (21)%, (21)* o 1,
tion W (o, o, w) which gives the contri- r.a \ Lo @) e}
bution to the Mobius function for any et et
indecomposable «. \1>./ The weighting tunction here is slightly simpler than the general case.

Theorem
Using the inequalities gives us an O(n?) algorithm for determining the Mébius function

of an increasing oscillation where the lower bound is indecomposable.

If 0 is a sum indecomposable permutation, and 7 has length at least 4, then

plo. 7] ==Y plo,a]W(o,a,m).

A€o As an example, we were able to find p|1, Wigoo| = —222222444441.
This is an improvement on the standard sum since the number of elements in &, 1s

less than the number of elements in the poset interval |o, 7).

Asymptotic behaviour

Increasmg oscillations Here is a log-log plot of the absolute value of W5, for n = 8000 ... 10000
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A template for all increasing oscillations is shown to the . I
right. The h.ollow.pomts are (.)ptlona.L The 1§ngth can be _ P T oW, is in the interval
changed by inserting or deleting pairs of points as high- o SR e T e | 2 CIDnQ]
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lighted by the coloured points. T P I o ,
T T o V5,1 18 in the interval
An increasing oscillation with n elements that starts with a descent is called W,,. If it e d(n* —n),n* — nl

starts with an ascent, 1t is called M,,. i s

where ¢ = @ ~ (0.618
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