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Inversions in labeled trees are a generalization of inversions in permutations. We study the
number of inversions in trees labeled uniformly at random. The three types of trees that we
consider — complete b-ary trees, split trees and conditional Galton-Watson trees — cover a wide
range of tree models. For each of the three, we show the distribution converges to a limit. In
particular, our result on conditional Galton-Watson trees strengthens previous work by [11].

Let o1,...,0, be a permutation of {1,...,n}. If i < j and o; > o, then the pair (o, 0;)
is called an inversion. The study of inversions is motivated by its applications in the analysis of
sorting algorithms, see, e.g., [7, sec. 5.1]. Many authors, including [4, pp. 256], [12, pp. 29], [2], have
shown that the number of inversions in uniform random permutations has a central limit theorem.
More recently, [10] and [8] studied the enumeration of permutations containing a fixed number of
inversions.

The concept of inversion can be generalized as follows. Consider an unlabeled rooted tree T
on node set V. Let p denote the root, and write u < v if v is an ancestor of v, i.e., the unique
path from p to v passes through w, and write w L v if neither v < v nor u > v. Given a bijection
AV = {1,...,|V]} (a node labeling), define the number of inversions

I(T,2) = Lywysa)-

u<v
Note that if T is a path, then I(7, \) is the number of inversions in a permutation.

The enumeration of trees with a fixed number of inversions has been studied by [9] and [6]
using the so called inversions polynomial. While studying linear probing hashing, [5] noticed that
the numbers of inversions in Cayley trees with uniform random labeling converges to an Airy
distribution. [11] showed that this is also true for conditional Galton-Watson trees, which covers
the case of Cayley trees.

Let I(T') denote the random variable given by I(T') = I(T,A) where A is chosen uniformly at
random from the set of bijections from V to {1,...,|V|}. For any u < v we have P{A(u) > A(v)} =
1/2, and it immediately follows that for a fixed tree T,

1
u<v
where Y (7T') denotes the total path length (or internal path length) of T, i.e., the sum over all v € V
of the distance from p to v. The total path length Y(7") has previously been studied for the trees
considered here, e.g., [3] for split trees and [1, cor. 9] for conditional Galton-Watson trees. Our



focus will be on the deviation

I(Tn) —E [I(Tn)]
s(n) ’

Xp =

under some appropriate scaling s(n), for three classes of fixed and random tree sequences T,,; b-ary
trees, split trees and Galton-Watson trees.
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